We study a relativistic diffusion equation on the Riemannian phase space defined by Franchi and Le Jan. We discuss stochastic Ito (Langevin) differential equations (defining the diffusion) as a perturbation by noise of the geodesic equation. We show that the expectation value of the angular momentum and the energy grow exponentially fast. We discuss drifts leading to an equilibrium. It is shown that the diffusion process with a drift corresponding to the Jüttner or quantum equilibrium distributions has a bounded expectation value of angular momentum and energy. The energy and the angular momentum tend exponentially fast to their equilibrium values. As examples we discuss a particle in a plane fronted gravitational wave and a particle in de Sitter universe. It is shown that the relativistic diffusion of momentum in de Sitter space is the same as the relativistic diffusion on the Minkowski mass-shell with the temperature proportional to the de Sitter radius.
Introduction
In this paper we discuss relativistic dynamics of a particle in general relativity which moves in a medium (gas) of other particles. We assume that the interaction with a gas consists of frequent elastic collisions which in a Markov limit (no memory) can be approximated by a diffusion process. In the Minkowski space the diffusion process is uniquely determined (as shown by Schay [1] and Dudley [2] ) by the requirement that the diffusion evolving in the proper time on the phase space preserves the mass p 2 . We follow the method of our earlier papers [3] [4] [5] to define the relativistic Brownian motion on the Riemannian phase space. As a result we obtain a diffusion which coincides with a coordinate independent definition of Franchi and Le Jan [6] [7] (developed further in [8] [9] ; for a general coordinate dependent discussion of relativistic diffusions on the pseudoriemannian manifolds see [10] ). This diffusion process describes a random perturbation of the geodesic motion. Our explicit formulas allow to study the diffusion in more detail. In particular, we show that in a spherically symmetric static background the expectation value of the angular momentum and the energy grow exponentially fast. The model is rather unphysical without a friction. We discuss the friction terms leading to the Jüttner and quantum distributions. We show that such a friction ensures finite expectation values of energy and angular momentum.
The diffusion process describes an evolution of the particle in a gas around a star (or a black hole ) before achieving an equilibrium with the surrounding medium (this may be the gas of Hawking radiation [11] from the black hole). We discuss a soluble example of a particle diffusion in de Sitter universe. We obtain a surprising result that the diffusion of momentum is described by the same equation as the relativistic diffusion on the Minkowski mass-shell with a friction leading to the Jüttner distribution. The corresponding temperature is proportional to the radius of de Sitter space. We discuss also a soluble model of a particle moving in a medium (whose effect is approximated by the diffusion) and interacting with a plane gravitational wave. The model may apply to the experiments involving a detection of gravitational waves. The relativistic diffusion (without friction) in the Schwarzschild metric has been studied earlier in [6] and in the Gödel universe in [7] . For reviews on the relativistic diffusion see [12] [13] [14] .
Riemannian geometry of the mass-shell
We are interested in random perturbations of the dynamics of relativistic particles of mass m moving in a gravitational field. The dynamics on a pseudoriemanian manifold M (the geodesic motion) is described by the equations [15] 
where µ = 0, 1, 2, 3 and ds
is the pseudoriemannian metric on M. The four-momentum p(τ ) of a relativistic particle defines the mass by the relation
If eq.(4) is satisfied then from eq.(1) it follows that τ has the meaning of the proper time (which is invariant under coordinate transformations). On the rhs of eq.(2) we may add a force F µ . Then, if eq.(4) is to be true then the force F µ must satisfy the subsidiary condition
Eq.(4) defines a submanifold in the cotangent bundle. We take the pseudoriemanian metric on the cotangent bundle M × T M * as the product metric on M and T M *
µν (x)dp µ dp ν .
The metric on the submanifold (4) is inherited from the product metric on the cotangent bundle. It can be obtained by expressing p 0 by the spatial components of the momenta(here g µν is the inverse matrix to the one defining the metric on T M; we choose the convention that the spatial terms in ds 2 have an opposite sign)
µν (x)dp µ dp ν = g 00 dp 0 dp 0 + 2g 0k dp 0 dp k − g jk dp j dp k = −γ jk dp j dp k (6) (j, k = 1, 2, 3).We assume that g 00 > 0 then from eq.(4)
where
In such a case
We restrict ourselves here to the metric with g j0 = 0. Then, eq.(9) simplifies and we obtain
We have
and
The metric further simplifies if (under an assumption of additional symmetry, e.g.,the spherical symmetry) we can choose the isotropic coordinates g 00 = A 2 and g jk = δ jk B 2 . Then,
and from eq.(11)
The measure invariant under all coordinate transformations of the submanifold (4) of T M * reads [16] p −1 0 dxdp.
Diffusion on the cotangent bundle
We define the Laplace-Beltrami operator on the cotangent bundle as usual by means of the metric. The metric (5) is a product of the metrics whereas the Laplace-Beltrami operator △ is a sum △ x + △ p . The part of the LaplaceBeltrami containing derivatives over the momenta reads
In order to define the Laplace-Beltrami operator on the submanifold (4) of the cotangent bundle we have to restrict the operator (16) to this submanifold. A way to do it is to treat the condition (4) as a definition of the level surface in the cotangent bundle. In such a case the Laplace-Beltrami operator on the level surface is the same as the one defined by the Riemannian geometry of the Riemannian mass-shell discussed in sec.2.
where D is defined in eq.(11) and γ jk in eq. (12) . The operator △ H could also be defined by the bilinear form
Explicitly,
The diffusion equation is
with the generator
(we expressed the Christoffel symbol of eq. (2) by a derivative of the metric). The operator (21) generates a diffusive dynamics which is a perturbation of the geodesic motion (1)- (2) by a diffusion in the momentum space. A coordinate free frame bundle definition of the diffusion (21) has been obtained earlier in [6] [7] . We still transform eq. (21) in order to express the diffusion on the Riemannian mass-shell as a perturbation of a diffusion on the Minkowski mass-shell. For this purpose let us introduce the tetrads f a j by the equation
We change coordinates on the cotangent bundle
together with x ν = x ′ν . The inverse transformation reads
The derivatives transform as follows
We distinguish the metric
In this metric the Riemannian mass-shell condition can be expressed as
In the deterministic case with the spherical symmetry (Schwarzschild solution) and spherical coordinates (r, θ, φ) the corresponding momenta p 0 and p φ are constants and p θ can be chosen zero. In such a case the formula (30) determines the time derivative of r. The operator △ H takes a simple form in the isotropic metric
Then,
For the Schwarzschild solution of mass M [15]
The Schwarzschild radial coordinate (denoted by r s ) is related to r = |x| (for r s ≥ 2M ) by
where G is the Newton constant. Let us note that the Schwarzschild diffusion in the momentum space has no singularity at the horizon (the diffusion operator does not depend on the metric g 00 = A 2 , only the evolution of x 0 does). The diffusion becomes infinitely strong when r → 0 as B −2 → ∞. With the metric (29) the change of coordinates (26) reads
and x µ′ = x µ . In such a case
Hence, in the new coordinates
(expressed in eq.(38) by primed momenta) is the generator of the diffusion on the Minkowski mass-shell. In eq.(38)
where ω 1 denotes the energy on the Minkowski space-time (with the spatial metric tensor equal to 1). The drift in the generator of the diffusion (38) is changed but the diffusion part remains the same as on the Minkowski mass-shell. So, the classical geodesic equations ,when expressed in the coordinates (24) ,are perturbed by the relativistic Brownian motion defined on the mass-shell
In our earlier papers [4] [5] we have defined the generator of the diffusion in an alternative way by generators of the Lorentz group SO(3, 1). Such a definition works on the Riemannian manifold as well. Let M ab be the generators of the Lorentz group (defined on the cotangent space at fixed x ∈ M ) with the algebra
where η ab is the Minkowski metric tensor (a, b = 0, 1, 2, 3). By means of the tetrads ǫ
we define
For spin equal zero we have explicitly (at fixed x ∈ M)
Here, p 0 is expressed by p j from the mass-shell equation (7). By explicit calculations (only the mass shell condition is used) we find
The formula (46) can be generalized to particles with spin when the generators M ab of the Lorentz transformation resulting from an irreducible representation of the Poincare group are inserted into eq.(46). Then, we obtain the generator as an operator on the linear space of (2j + 1) × (2j + 1) matrices (Wigner matrices) [5] , where j is an index of an irreducible representation of SU (2).
Stochastic differential equations
We can express solutions of the diffusion equation (20) by a diffusion process (x τ , p τ ) starting from (x, p)
The stochastic process can be defined as a solution of a stochastic equation. In order to write down the stochastic equations we must calculate the square root of the matrix (γ jl ), i.e., to find a tetrad e e a j e a l = γ jl .
It can be checked by direct calculations that the solution to eq. (51) is (f is defined in eq. (22))
Then, Ito stochastic differential equations [17] read
The diffusion equation in the isotropic coordinates reads
where in the generator (21) we expressed p 0 as
If the metric is static (i.e., does not depend on x 0 ) then the differential equation for x 0 does not enter the remaining stochastic equations. For the Schwarzschild solution the coefficients defining the stochastic equations for momenta are regular functions (at r = 0). The horizon is not visible in the momentum part of the stochastic equations (nevertheless there is a singularity of B −2 (33) at r = 0). The horizon can be seen if we consider the observer's time x 0 . From,eq.(1)
where in the isotropic coordinates of the Schwarzschild solution
is singular at the horizon. The tetrads (51) in the isotropic coordinates are
Then, the stochastic equation (54) reads
The existence of the unique solution of the stochastic equation (60) for the Schwarzschild metric has been proven in [6] . We can rewrite eq.(60) using the transformation (35)(here we assume a time independent metric)
(we omit the prime referring to the transformed momenta; ω 1 is the energy in the Minkowski space defined in eq.(40)). In eq.(61) on the rhs we may distinguish a stochastic process p H defined by the stochastic equation dp j ≡ 3κ 
are constants of motion. From eq.(60) we obtain a stochastic equation for the time evolution of the angular momentum when κ = 0
In the spherical coordinates (r, θ, φ) eq.(64) reads dp φ = 3κ
We write eqs. (64)- (65) in an integral form and apply the basic property of the Ito integral [17] E[ F db] = 0.
Then, it follows from eqs. (64) and (65) that
Eq.(66) means that the angular momentum grows exponentially in time (also in the laboratory time x 0 ). Next, we calculate the change of energy for the stochastic process (60)(we restrict ourselves to the isotropic coordinates). Differentiating eq.(56) we get
It follows from eq.(67) that
Eq.(68) has the solution
In sec.6 we shall compute the expectation values (66) and (69) in the presence of a friction K. If in the momentum differential there is the friction force K then in eq. (64) there is an additional term dL = −x×Kdτ . The force leading to an equilibrium whose probability distribution depends solely on energy is proportional to momentum. In such a case the increase of the angular momentum in eq.(66) can be balanced with the decrease resulting from the friction. We show in sec.6 that a friction leading to the Jüttner or Bose-Einstein equilibrium distribution stops the growth of the energy and the angular momentum. This is necessary if the system is to attain the equilibrium.
An interaction of a diffusing relativistic particle with a gravitational wave
We consider an exact solution of vacuum Einstein equations describing plane fronted gravitational waves [18] [15]
where u = x 0 − x 3 , v = x 0 + x 3 and
We study a massive particle diffusing with a relativistic velocity in the gravitational wave (the massless case is discussed in sec.7). The mass-shell condition reads
From eqs. (53) and (73) we obtain (p ± = p 0 ± p 3 )
In the deterministic case we can integrate eq.(74)( if the functions f and g are known) because p 1 , p 2 and p + are constants of motion. For the relativistic diffusion p are diffusion processes. It is useful to introduce the light-cone coordinates. In these coordinates the relativistic diffusion of p 1 , p 2 and p + is described by linear equations (here a = 1, 2)[3] dp a = 3 2
These equations can be solved explicitly and the solutions inserted in eq.(74). The solution for u can be obtained by integration. The only distinction in comparison to relativistic classical dynamics consists in the replacement of the constants of motion by exponentially growing stochastic processes. The approximation f = 1 + h and g = 1 − h, where h is an arbitrary function of u, followed by a perturbative expansion of eq.(74) in h is sufficient for deriving the effect of weak gravitational waves on the relativistic diffusion. We think that taking into account the environment may be important for a detection of gravitational waves whose effects may be hard to distinguish from other sources of noise [19] .
Invariant measure and kinetic equations
We define an evolution of the measure dσ = dxdpΦ by the equality (see [3] )
where G * is the adjoint of G in L 2 (dxdp). We say that the measure σ is invariant if
is independent of τ . In such a case
Eq.(80) is a transport equation in the laboratory time x 0 . A normalizable invariant measure needs a dissipation. We add such a dissipation term K j dτ to the stochastic equation (54). This is equivalent to adding the friction
to the diffusion equation (20) . Then, we obtain the transport equation for Φ from eq.(80)
In isotropic coordinates eq.(82) reads
(83) In the search of the equilibrium measure we demand that the dynamic part and the diffusion part of the equation (82) for the invariant measure cancel separately. So, for the dynamic part
Then, as a consequence of eq.(82) from the diffusion part
Any function of deterministic constants of motion is a solution of the dynamic equation (84) (static metric with a spherical symmetry has the angular momentum and the energy as constants of motion). Let us consider the solution as a function of p 0 (7) in the form ( Jüttner [20] and quantum statistical distributions are of this form) Φ = (g 00 )
From eq.(85) we obtain
Explicitly, with the friction (87) the diffusion equation in the isotropic coordinates is
Then, the stochastic equation for the process p τ solving the diffusion equation (88) reads
(89) We can calculate a change of the angular momentum resulting from the diffusion (89)
(90) f ′ is negative for Jüttner as well as for quantum equilibrium distributions so that the angular momentum does not increase as it does in eq.(66).
A −1 ω is the classical energy. Hence, a constant of motion at κ = 0. Eq. (90) suggests that at sufficiently high energy there is a damping of the angular momentum. The damping effect is even better seen in the spherical coordinates. Then, dp φ = p φ κ
ω is growing linearly with p φ for large p φ . For Jüttner distribution f ′ = −1 and for large p φ eq.(91) is of the form dp φ = αp φ dτ − δp
The stochastic equation for the energy is also of the form (92). We have from eq.(89)
We are going to prove that the expectation value of the energy is bounded in time. For this purpose the Lyapunov methods [21] [22] are needed. We must find a non-negative increasing to infinity Lyapunov function V such that for constants a ≥ 0 and K > 0
The lhs of eq. (94) 
We choose V (p) = p 0 = A −1 ω. Then, by direct calculations
If f ′ < 0 (true for Jüttner as well as quantum equilibrium distributions) then from eq.(96) the inequality (94) results. As a consequence of eq.(95) the energy is bounded in time. The proof assumes that the stochastic equation (89) for p has solutions for arbitrary time. If A and B −1 are bounded functions then an extension of the solution to arbitrarily large time can easily be shown by means of the Lyapunov function method (choose V (p) = p 2 as the Lyapunov function) . For the Schwarzschild solution some more sophisticated methods are needed. The existence (for all τ ≥ 0) of the unique solution of the stochastic equations (61) (without friction) for the Schwarzschild metric has been proved in [6] . The friction term in eq. (89) is regular and dissipative. Hence, the proof of Franchi and Le Jan applies for the equation with friction as well. We could also apply the Lyapunov argument to the stochastic equation for the angular momentum (91) ( with p 2 φ as the Lyapunov function). Summarizing, without the friction the expectation value of the energy and the angular momentum grow exponentially fast whereas with the friction, leading to the Jüttner or Bose-Einstein equilibrium distribution, the energy and the angular momentum are bounded in time.
We shall calculate the time evolution of the expectation value of the energy assuming some approximations. We consider the Jüttner distribution (f ′ = −1) which is the classical relativistic equilibrium distribution and well approximates the quantum equilibrium distributions at high energies. Then, from eq.(93) we obtain an equation for the expectation value of the energy
We make the approximation E[p
2 ). Then, eq.(97) can be solved exactly if additionally we make the approximation
where the rhs does not depend on time. Eq.(97) is equivalent to the differential equation
The solution of eq. (99) is
In the limit τ → ∞ we obtain
(102)
In the low temperature limit and for the Schwarzschild solution (58)
This is the classical non-relativistic equipartition of energy in a gravitational potential M r . In the limit of zero mass
we obtain the relativistic equipartition of energy ǫ = cE(∞) of massless particles. The approach to the equilibrium is exponential with the speed ǫ + − ǫ − .
The limit m → 0
There is a substantial simplification of stochastic equations if m = 0. We have studied this diffusion on the Minkowski space-time in [4] . The diffusion can describe massless particles (the photon) as well as the ultrarelativistic behaviour of massive particles (so it can be useful in a description of heavy ion collissions [23] ). In order to obtain the limit of zero mass in the formulae of previous sections we should let g jk → 0. The diffusion generator in the limit m → 0 reads
The limit m → 0 can also be taken in eq.(46) as discussed in [4] . The differential operator (104) defined on the manifold M does not depend on the metric. The stochastic Ito differential equations (53)-(54) take the simple form
There is only one Brownian motion b for all j components ( in the massless limit the diffusion is degenerate). The transport equation reads
If Φ is a function of classical constants of motion then from eq. (107) there remains only the equation determining K in terms of Φ
We discuss two examples of the equilibrium measures
In the first case
Hence, the stochastic equation for the angular momentum reads dp φ = 3κ
Let us write
The solution of eq. (112) is
In the case (110) we obtain
Hence, the equation for p 0 reads (p 0 = A −1 B|p|; when A = B = 1 then the solution for the process |p τ | and its relation to the soluble quantum mechanical model with the Morse potential has been discussed earlier in [4] ) dp 0 = 3κ
It has the same solution as eq.(112) ( just replace β φ by β in eq. (114)). The correlation functions of polynomials of p 0 (s) −1 and p φ (s) −1 can be calculated explicitly. The expectation values have a limit τ → ∞ expressed as moments of the invariant measures (109)-(110).
A particle diffusing on de Sitter space
In this section we discuss a relativistic particle diffusing on a background metric of the cosmological type
It is useful to apply the transformations (24) and (38) in order to reduce the stochastic equations to a perturbation of the diffusion on the Minkowski massshell. For simplicity of the formulae we restrict ourselves to B which depend only on time and all B's are equal. Then, the diffusion equation (20) has the generator (38)
The stochastic equations for the diffusion (20) with the generator (118) read
and dp j =
In general, it is difficult to derive an explicit solution of a diffusion with the generator (118). There is one remarkable exception if (this is the metric for a causally connected part of de Sitter space sometimes called the Bondi-Hoyle universe [15] )
(R is the radius of the pseudosphere in the embedding of de Sitter space in a fivedimensional Minkowski space). Then, in eq.(121) the drift reads
In such a case the diffusion in the momentum space is the same as the one for the relativistic model on the Minkowski mass-shell (eq.(88) B = A = 1) with the friction leading to the Jüttner equilibrium distribution f ′ = −1) and the inverse temperature
As 1 R = 1 3 Λ, we obtain a relation between the temperature and the cosmological constant. Eq.(80) for the equilibrium distribution has now a solution
The model of a massless particle diffusing in de Sitter space is explicitly soluble. In fact, eqs. (119)- (121) read dx
and dp j = −
From eq.(128) it follows that p τ = |p τ |n, where n is a time independent unit vector. The equation for |p| is the same as eq. (112) We can calculate expectation values of functions of p τ using the formulae of Yor [24] for the probability distribution of exponentials of the Brownian motion and the integrals of exponentials. Some expectation values can be obtained using the relation to the quantum mechanical soluble model of the Morse potential [4] . The correlation functions of |p τ | −1 can be expressed by elementary functions. The equilibrium measure reads Φ(p) = |p| −1 exp(− 2 Rκ 2 c |p|).
It is rather surprising that the momentum evolution in de Sitter space tends to an equilibrium as if a certain friction was involved in a geodesic diffusion on de Sitter space.
Summary
We have derived basic equations concerning the relativistic diffusion in a gravitational background. Such equations can describe the dynamics of particles around stars and black holes in the presence of a gas of some other particles. We think that an approximation of complex multiparticle interactions by the relativistic diffusion is useful because from all possible approximations it selects the unique one determined by the relativistic invariance (and the form of the equilibrium distribution determined by relativistic quantum field theory). We discussed as examples a diffusion in a gravitational wave and in de Sitter space. We obtained a surprising relation between the diffusion on the de Sitter space and the diffusion on the flat space in a heat bath of non-zero temperature. There is a well-known relation between the particle temperature in the de Sitter space and the radius of this space [25] . Such a relation results from a quantum theory and it is different from the one derived in this paper.
The main aim of this paper is a discussion of the friction terms which lead to an equilibrium. We have shown that without a friction the energy and the angular momentum grow exponentially fast. The friction is also necessary in order to obtain a transport equation as a limit τ → ∞ of the diffusion equation. It is not clear what is the physical meaning of the diffusion in the proper time because in contradistinction to the deterministic dynamics in random dynamics the proper time associated with an observer moving with a particle is a random variable. The transport equation expressed in the laboratory time has a clear physical meaning. We shall discuss the transport equation in more detail in a forthcoming publication [26] (for a discussion of the relation between the proper time dynamics and laboratory time dynamics see [27] [4]).
